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ON REAL TROPICAL BASES AND REAL TROPICAL
DISCRIMINANTS
LUIS FELIPE TABERA
Abstract. We explore the concept of real tropical basis of an ideal in
the field of real Puiseux series. We show explicit tropical bases of zero-
dimensional real radical ideals, linear ideals and hypersurfaces coming
from combinatorial patchworking. But we also show that there exist
real radical ideals that do not admit a tropical basis. As an application,
we show how to compute the set of singular points of a real tropical
hypersurface. i.e. we compute the real tropical discriminant.
1. Introduction
In this article, we try to develop an analog of the tropical algebra applied
to the case of real varieties. Our point of view is to define real tropical
varieties as non-archimedean amoebas plus signs. They are the restriction
to the reals of the complex tropical curves of G. Mikhalkin in [13] and
a natural extension of combinatorial patchworking. Different approaches
to real tropical geometry appear, for instance, in the study of logarithmic
limits of semialgebraic sets in [1] or the study of initial real radical ideals in
[18]. Another approach with nice combinatorial properties is the study of
the positive part of a tropical variety [15].
We show that, contrary to the complex case, Kapranov’s theorem or, more
generally, the fundamental theorem of tropical geometry does not hold in
the real case and there may not be tropical bases. cf. [4], [7], [11], [14], [16].
However, for sufficiently simple yet interesting varieties, we can compute
real tropical basis. We include here real radical zero dimensional ideals,
linear varieties and hypersurfaces constructed using combinatorial patch-
working. As an application, we are able to describe the singular locus of a
real tropical hypersurface using an analogue of the techniques introduced in
[6].
The presentation is done over the field of real Puiseux series K. In prin-
ciple, we could work over any real closed field F provided with a nontrivial
valuation and most of our results can be translated to this more general
setting without trouble. However, some results depending on the residue
field of F being archimedean or not, see for instance Proposition 3.8 and
Example 3.9.
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The paper is structured as follows. In Section 2 we introduce the notation
and basic definitions in real tropical geometry. In Section 3 we show the
main results concerning the existence and computation of real tropical basis.
Finally, in Section 4 we apply our results to the computation of the singular
locus of a real tropical hypersurface.
2. Preliminaries
Let us introduce some notation. Let K be the valued field of real Puiseux
series,
K =
⋃
n≥1
R((t1/n)) v : K∗ → Q ⊆ R.
Every element is a power series with real coefficients and rational exponents
with bounded denominator
p =
∑
i≥r0
ait
i/n, ar0 6= 0
The valuation v(p) of a nonzero power series p is the least exponent r0
appearing in the development of the series and the principal coefficient is
ar0 . This principal coefficient is the residue of the series pt
−v(p) in the residue
field R. K is an ordered field with the order given by the relation p > 0 is
positive if and only if its principal coefficient ar0 is positive. The valuation
is compatible with the order in the sense that if 0 < p < q then v(q) ≤ v(p).
Moreover, since K[i] is the algebraically closed fields of Puiseux series, K is
a real closed field.
Definition 2.1. The real tropicalization is the valuation taking into ac-
count the sign of the series:
trop : K∗ −→ TR = {1,−1} × R
x 7→ (s(x), v(x))
where s(x) is the sign function s : K∗ → {1,−1}, s(x) = 1 if x > 0 and
s(x) = −1 if x < 0. We will sometimes denote by a+ = (1, a) and a− =
(−1, a) ∈ TR. If x = (p, a) ∈ TR, then p = s(x) ∈ {1,−1} is the sign of x
and a = |x| ∈ R is the modulus of x. If a = ((s1, a1), . . . , (sn, an)) ∈ TRn,
we denote by s(a) = (s1, . . . , sn) ∈ {1,−1}n, |a| = (a1, . . . , an) ∈ Rn, the
sign and modulus taken component-wise.
Remark 2.2. Note that, while TR is a group with the tropical multipli-
cation (i, a) ⊙ (j, b) = (i · j, a + b), it is not a tropical semiring, since there
is not a reasonable definition of addition for a+ ⊕ a−.
We now define our main geometric objects, real tropical varieties, as the
image of an algebraic set under the trop map.
Definition 2.3. Let V ⊆ (K∗)n be a real variety in the torus. The real
tropicalization of V is the closure (in Rn) of the image trop(V ) ⊆ TRn of
the real points of V under the tropicalization map applied component-wise.
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(0+, 0+)(0−, 0+)
(1−, 1+)
(0−, 0−)
(1−, 1−) (1+, 1−)
(0+, 0−)
Figure 1. TR(f) with f = 1+ ⊕ 0+v ⊕ 0+w ⊕ 0−v2 ⊕ 0+vw ⊕ 0−w2
If V = V(I) and I is generated by polynomials in R[x1, . . . , xn], then we say
that we are dealing with the constant coefficient case.
This definition is related with taking the non-archimedean amoeba and
co-amoeba of the set of real points of a real variety (cf. the complex tropical
curves presented in [13] section 6).
In the algebraically closed case, the tropicalization of a variety V can be
computed using Kapranov’s theorem, also know as the fundamental theorem
of tropical geometry. The real case seems more involved. The tropicaliza-
tion in the constant coefficient case has been studied in [18] but there is a
difference in the tropicalization in the non constant coefficient case we are
studying here that has its root in Po´lya’s Theorem [9] (See also [8] for a
more general result).
Theorem 2.4 ([9]). Let F ∈ R[x1, . . . , xn] be a homogeneous polynomial
that is positive in the set {x ∈ Rn|xi ≥ 0, x1 + . . . + xn 6= 0}, then for N
sufficiently large F · (x1 + . . .+ xn)N has only positive coefficients.
However, it is well known that this theorem does not hold if the ground
field is not archimedean (See Example 3.6). This translates to the fact that
tropicalization of polynomials is not so useful in the non-constant coefficient
case.
We now introduce a different way of defining tropical varieties in terms
of a real tropical polynomial. The motivation of this alternative approach is
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to get rid of algebraic polynomials and deal only with tropical polynomials,
this is a common approach in the tropical case over complex Puiseux series.
Definition 2.5. A real polynomial f ∈ TR[w1, . . . , wn] is just a formal
sum of tropical monomials of the form f = ⊕ℓ∈Aaℓwℓ ∈ TR[w1, . . . , wn],
A ⊆ Nn. Every real tropical polynomial defines a piecewise affine function
f : TRn → R. f(p) = min{|aℓ | + 〈|p|, ℓ〉 | ℓ ∈ A}.
We define the real tropical hypersurface defined by f , TR(f) by p =
(p1, . . . , pn) ∈ TR(f) if there are two monomials i 6= j such that
s(ai)
n∏
l=1
s(pl)
li = 1, s(aj)
n∏
l=1
s(pl)
lj = −1
and
|ai|+ 〈i, |p|〉 = |aj |+ 〈j, |p|〉 ≤ |ak|+ 〈k, |p|〉
for all k 6= i, j.
That is, if the minimum of f(p) is attained at two different monomial i, j
where the evaluation at the point p yields two different signs.
Example 2.6. Let f = 0+⊕1+w⊕0+w2⊕1+w3⊕2−w4. We have associated
the piecewise-linear map p 7→ min{0, 1 + p, 0 + 2p, 1 + 3p, 2 + 4p}. The
minimum of this piecewise-linear is attained at least twice for p = 0,−1.
The value and sign attained in the candidates of roots are:
0 1 + p 0 + 2p 1 + 3p 2 + 4p
0+ 0+ 1+ 0+ 1+ 2−
0− 0+ 1− 0+ 1− 2−
−1+ 0+ 0+ −2+ −2+ −2−
−1+ 0+ 0− −2+ −2− −2−
Neither 0+ nor 0− are real tropical roots of f , because the minimum is
attained at 0+ so we do not have two different signs. On the other hand,
−1+ and −1− are both real tropical roots, since the minimum is attained
at different signs 2+ and 2−. Hence TR(f) = {−1+,−1−}.
In Figure 1, we show the four tropical quadrants of the conic given by
the polynomial f = 1+ ⊕ 0+v ⊕ 0+w ⊕ 0−v2 ⊕ 0+vw ⊕ 0−w2. Note that we
are working with the min and that the subdivision induced by f is not a
triangulation, so the picture is different from the usual ones in patchworking.
Definition 2.7. If F =
∑
ℓ∈A aℓx
ℓ ∈ K[x1, . . . , xn] is a real polynomial,
write
trop(F ) = f =
⊕
ℓ∈A
(s(aℓ), v(aℓ))w
ℓ.
By abuse of notation, we will write
TR(F ) = TR(f) ⊆ TRn
Clearly trop(V(F )) ⊆ TR(F ) (Example 3.2), but contrary to the alge-
braically closed set, the inclusion may be strict. Next lemma shows further
discrepancies between the real and usual tropical setting.
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Lemma 2.8. Let F , G ∈ K[x1, . . . , xn], then
TR(F ·G) ⊆ TR(F ) ∪ TR(G)
and the inclusion may be strict.
Proof. Let p ∈ TRn such that p /∈ (TR(F ) ∪ TR(G)). Without lost of gen-
erality, assume that p = (0+, . . . , 0+). Let A1 (resp A2) be the monomials
of F (resp G) where the minimum of trop(F ) (resp. trop(G)) is attained at
p. Then, the tropicalization of the monomials of A1 attain the same sign
at p and so do the monomials in A2. We may also suppose that all these
monomials have positive coefficients. Then, the monomials of FG where
the minimum is attained at p are all of the form ca1a2, with c ∈ K, c > 0,
a1 ∈ A1, a2 ∈ A2. It follows that all monomials yield the same sign at p and
p /∈ TR(FG).
To see that the inclusion may be strict, let F = x2y+x2−xy−x+ y+1,
G = xy2−xy+y2+x−y+1. Then FG = x3y3+x3+y3+1. So p = (0+, 0+)
belongs to both TR(F ) and TR(G), but not to TR(FG). 
We end this section with an elementary result concerning the number of
real roots that an univariate polynomial admit.
Definition 2.9. Let f = ⊕ℓ∈Aaℓwℓ ∈ TR[w] be an univariate real tropical
polynomial. Let f ′ = ⊕ℓ∈A|aℓ|wℓ ∈ T[w] be the usual tropical polynomial
obtained from f by forgetting signs.
Let p ∈ T R with |p| a tropical root of f ′. Let i1 < . . . < ir be the
monomials where |aℓ| + 〈|p|, ℓ〉 attains its minimum. Take the sequence of
signs
Sp = (s(ai1)s(p)
i1 , . . . , s(ain)s(p)
in)
then, the complex multiplicity of |p| in f ′ is in − i1 and the real multi-
plicity of p in f is the number of changes of signs in Sp.
Lemma 2.10. Let f = ⊕ℓ∈Aaℓwℓ ∈ TR[w] be an univariate real tropical
polynomial of degree n. Let f ′ = ⊕ℓ∈A|aℓ|wℓ ∈ T[w] be the (usual) tropical
polynomial obtained from f by forgetting the signs. Let p ∈ T be a (usual)
tropical root of f ′ of (usual) multiplicity m. Let m+ (resp. m−) be the
real tropical multiplicity of p+ (resp. p−) as a real tropical root of f . Then
m ≤ m+ +m− and the difference m−m+ −m− is an even number.
Proof. Both multiplicities only depend on the support and signs of the co-
efficients where the minimum is attained when evaluating f at p. Hence,
we may assume, without loss of generality, that all coefficients of f and the
tropical root have modulus 0. consider the polynomial
F =
∑
ℓ∈A
s(aℓ) · tℓ2xℓ ∈ R[t][x].
By combinatorial patchworking [19], for any sufficiently small evaluation t0
of t, 0 < t0 << 1, F (t = t0) will have exactly m
+ positive roots and m−
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negative roots, m equals the number of nonzero roots of F , som++m− ≤ m
and its difference is the number of non-real roots of F is even. 
Example 2.11. Let f = 0+ ⊕ 1+w ⊕ 0+w2 ⊕ 1+w3 ⊕ 2−w4 be the real
tropical polynomial from Example 2.6, the usual tropical roots of f ′ are 0
and −1 with multiplicity 2 each root. Now, for the root zero, we know
that f does not admit a real tropical root. So for |p| = 0 we have that
m+ = m− = 0, m = 2 and m − m+ − m− = 2. On the other hand,
the sequence of signs S1+ = (1, 1,−1) so m+ = 1, S1− = (1,−1,−1) and
m− = 1, m−m+ −m− = 0 is also even.
3. Real Tropical Basis
We start with the definition of real tropical basis, cf. [4]
Definition 3.1. Let I ⊆ K[x1, . . . , xn]. A real tropical basis of I is a
finite set {F1, . . . , Fr} that generates I such that trop(V(I)) = ∩ri=1TR(Fi).
Example 3.2. Let F = x2 − x+ 1, V(F ) = ∅, there are no real solutions.
But trop(F ) = f = 0+w2 ⊕ 0−w ⊕ 0+ and TR(f) = {0+}. This means
that the generator {x2 − x + 1} is not a real tropical basis of the ideal
(x2−x+1). Let x3+1 = (x2−x+1)(x+1). TR(0+w3⊕0+) = {0−}, hence
TR(f) ∩ TR(0+w3 ⊕ 0+) = ∅ and I = (x2 − x + 1, x3 + 1) is a real tropical
basis of I. Note that, in this case, I is not real radical.
The first result is that real-radical zero-dimensional ideals admit a tropical
basis.
Definition 3.3. Let I ⊆ K[x] = K[x1, . . . , xn]. The real radical of I, R
√
I
is the ideal
R
√
I = {F ∈ K[x] | ∃G1, . . . , Gr ∈ K[x],∃m > 0, F 2m +
r∑
i=1
G2i ∈ I}.
By the real theorem of zeros [3],
R
√
I = {F ∈ K[x1, . . . , xn] | ∀a ∈ VK(I), F (a) = 0}
An ideal I is real radical if I = R
√
I.
Theorem 3.4. Let I be a real radical zero dimensional ideal, with V(I) ⊆
(K∗)n then I admits a tropical basis.
Proof. Let V = V(I) = {p1, . . . , pr} ⊆ (K∗)n. Let pi = (pi1, . . . , pin) and
trop(pi) = ai = (ai1, . . . , ain), 1 ≤ i ≤ n. So trop(V ) = {a1, . . . , ar}. Let
Fj be the squarefree part of
∏r
i=1(xj − pij), since I is real radical Fj ∈
I, 1 ≤ j ≤ n. The tropical roots of trop(Fj) are precisely a1j , . . . , arj and
the number of tropical roots of each sign and valuation aij can be recovered
using Lemma 2.10 and taking into account that all the roots of Fj are real.
The set of tropical polynomials {trop(Fj), 1 ≤ j ≤ n} describe a finite set S
of points containing trop(V ).
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Let L = b1x1+. . .+bnxn be a linear function with integer coefficients such
that L is injective in the set of modulus of S, |S| = {|a| | a ∈ S}. Let F0 be
the squarefree part of the numerator of the polynomial
∏r
i=1(x
b1
1 · · · xbnn −
pb1i1 · · · pbnin). Since this is a polynomial in I whose tropicalization is injective
in S, it allows us to discriminate which modulus of points of S belong to
trop(V ) or not.
Finally, suppose that c = (c1, . . . , cn) is a tropical point in S ∩TR(F0) but
not in trop(V(I)). This can only happen if there is a point in a ∈ trop(V )
with b 6= a, |b| = |a| and for every index j there is a point in trop(V ) with
j-th coordinate bj.
For every point ai ∈ trop(V ) with |ai| = |c|, there is a coordinate h(i)
with s(ai,h(i)) 6= s(ch(i)), Let Gc be the squarefree part of
(1)
∏
i,|ai|=|c|
(xh(i) − pi,h(i))×
∏
i,|ai|6=|c|
(xb11 · · · xbnn − pb1i1 · · · pbnin) ∈ I
This polynomial vanishes by construction on every element of trop(V ),
but c is not a real tropical root of trop(Gc), because, for each factor of Gc
in (1), c either has the wrong modulus or the wrong distribution of signs.
By Lemma 2.8, c /∈ TR(Gc).
If H is any generator set of I, then H ∪ {Fj , 1 ≤ j ≤ n} ∪ {F0} ∪ {Gc|c ∈
S − trop(V )} is a real tropical basis of I. 
Example 3.5. Let V = {(−1, 2), (2, 3), (−3,−t), (1,−4), (2t, 4t)} ⊆ (K∗)2,
trop(V ) = {(0−, 0+), (0+, 0+), (0−, 1−), (0+, 0−), (1+, 1+)}. Let I = I(V )
be the ideal of V . We are computing a real tropical basis of I. First, define
F1(x) = x
5 + (−2t+ 1) x4 + (−2t− 7) x3 + (14t− 1) x2 + (2t+ 6) x− 12t,
F2(y) = y
5 + (−3t− 1) y4 + (−4t2 + 3t− 14) y3 + (4t2 + 42t+ 24) y2+(
56t2 − 72t) y − 96t2.
trop(F1) and trop(F2) define the finite set
S = {(0+, 0+), (0+, 1+), (0+, 1−), (0+, 0−),
(0−, 0+), (0−, 1+), (0−, 1−), (0−, 0−),
(1+, 0+), (1+, 1+), (1+, 1−), (1+, 0−)}
|S| = {(0, 0), (0, 1), (1, 0), (1, 1)}. Note that (1, 0) /∈ |trop(V )|. Let L =
x+ 2y by a linear function injective in |S|. Then
F0 = (xy
2 − 18) · (xy2 − 16) · (xy2 + 4) · (xy2 + 3t2) · (xy2 − 32t3)
In usual tropical geometry {F1, F2, F0} would suffice to provide a tropical
basis, See [10], [17]. But these polynomials are not enough in the real case.
The elements of S that are also in TR(F0) are {(0+, 0+), (0+, 0−), (0−, 0+),
(0−, 1+), (0−, 1−), (0−, 0−), (1+, 1−), (1+, 1+)}. We have to compute poly-
nomials to discard the points in S not in trop(V ). Following the theorem:
G(0−,0−) = (x − 2)(x − 1)(y − 2)(xy2 − 32t3)(xy2 + 3t2), and (0−, 0−) /∈
TR(G(0+ ,0+)). Define also G(0−,1+) = (y+t)(xy2+4)(xy2−18)(xy2−16)(xy2−
8 LUIS FELIPE TABERA
32t3) and G(1+,1−) = (y−4t)(xy2+4)(xy2−18)(xy2−16)(xy2+3t2). Then,
if we add to any finite set of generators of I the set {F1, F2, F0, G(0− ,0−),
G(0−,1+), G(1+,1−)} we get a real tropical basis of I.
The hypothesis of being real radical cannot be avoided as the following
example shows.
Example 3.6. Let F = x2−(2+t)x+1. The discriminant of F is t2+4t > 0,
so there are no real roots of F and R
√
(F ) = (1). However, I = (F ) has no
real tropical basis. To see that, {0+} is a root of trop(x2 − (2 + t)x+ 1) =
0+x2⊕0−x⊕0+. Now v(F (1)) = v(−t) = 1 > 0, 1 is a real root of x2−2x+1.
If G ∈ K[x], assume without loss of generality that the minimum of the
valuation of the coefficients of G is zero. Then 1 will be a root of the residue
polynomial of F · G. This means that 0+ will also be a tropical root of
trop(FG) and
⋂
H∈I TR(H) = {0+}.
The reader may think that the failure here is due to the fact that the
residue polynomial x2 − 2x+ 1 obtained by substituting t = 0 has a double
root. This is true for the field of real Puiseux series but it may fail over
more complicated fields.
Definition 3.7. Let F =
∑
ℓ∈A pℓx
ℓ ∈ K[x1, . . . , xn] be a polynomial, let
w ∈ Rn. Let i1, . . . , ir be the monomials where trop(F ) attains its minimum
at w. We define the residue polynomial of F with respect to w to the
polynomial
Fw =
r∑
j=1
Pc(pij )x
ij ∈ R[x1, . . . , xn],
where Pc(pij ) ∈ R is the principal coefficient of the power series pij .
Proposition 3.8. Let F ∈ K[x] be an univariate polynomial such that, for
every real root p ∈ K∗ we have that Ftrop(p) has only simple roots, then (F )
admits a tropical basis.
Proof. Let {p1, . . . , pr} = TR(F ) be the real tropical roots of trop(F ). If
pi /∈ trop({F = 0}) we have to find a certificate of this fact. Without loss
of generality, we may assume that pi = 0
+. F0 ∈ R[x] is an univariate
polynomial that has no positive real root. From Theorem 2.4, there exists a
natural N such that F0 · (1 + x)N has all its coefficients positive. It follows
that 0+ /∈ TR(F ·(1+x)N ). Iterating over every element in TR(F )−trop({F =
0}) we can construct a real tropical basis of (F ). 
We now show that Proposition 3.8 cannot be extended to any real closed
valued field.
Example 3.9. Let F = K{{s}} be the field of Puiseux series is s whose
coefficients are Puiseux series in t over the reals. Take again F = x2 − (2 +
t)x+ 1F[x]. Now, trop(F ) still has a tropical root 0+ but F has no root in
F. By the same argument as in Example 3.6 (F ) does not admit a tropical
basis. Note that in this new context F = F0 has no multiple root.
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Let us consider now other ideals that also admit tropical basis. We can
revisit combinatorial patchworking (See [19] for the details) from the point
of view of tropical basis.
Theorem 3.10. Let F ∈ K[x1, . . . , xn] be a real polynomial and let f =
trop(F ) be the corresponding tropical polynomial. f defines a mixed subdivi-
sion in Supp(F ) by duality. Assume that this subdivision is a triangulation
that contains all the monomials in Supp(F ) as vertices. Then {F} is a real
tropical basis of (F ). That is TR(F ) = trop(V(F )).
Proof. We are going to prove that if p ∈ TR(F ) ∩ Qn then p ∈ trop(V(F )).
Without loss of generality, we may assume that p = (0+, . . . , 0+).
Let S = Supp(F ), the set of monomials of S where f attains its minimum
at p is a simplex C in S that is not a point. Since p ∈ TR(f), then there
is a positive monomial a ∈ C and a negative monomial b ∈ C. Let L =
r0 + r1x1 + . . . + rnxn be an affine function with integer coefficients such
that for all monomials c ∈ S − {a, b}, L(a) < L(c) < L(b). Let caxa, −cbxb
be the corresponding monomials of F . Consider the points of the form
(sr1 , . . . , srn). If 0 < s− << 1 is a valuation zero positive element of K
small enough, then F (sr1− , . . . , s
rn
− ) ∼ casL(a) > 0. If 1 << s+ is a valuation
zero element big enough, F (sr1+ , . . . , s
rn
+ ) ∼ −cbsL(b) < 0. Hence, by the
intermediate value theorem, the polynomial F (sr1 , . . . , srn) has a root s0 in
the interval [s−, s+], and hence s0 is of valuation zero. By construction,
(sr10 , . . . , s
rn
0 ) is a zero of F with tropicalization (0
+, . . . , 0+). 
Corollary 3.11. Real vector hyperplanes have tropical basis. More pre-
cisely, let H = V (a1xi1 + . . . + arxir + a0) ∈ K[x1, . . . , xn] be a hyperplane
in (K∗)n. Then trop(H) = T (trop(a1)wi1 ⊕ . . .⊕ trop(an)wir ⊕ trop(a0)).
Proof. We are in the hypothesis of Theorem 3.10 since Supp(H) is a simplex.

The last goal of this section is to prove that linear ideals have a tropical
basis (cf. [2, 4] for the algebraically closed case). We start with a Lemma
that states that there are infinite tropical basis.
Lemma 3.12. Let V ⊆ (K∗)n be a linear space, then
trop(V ) =
⋂
⊆H
H∈H
trop(H),
where H is the set of hyperplanes of (K∗)n.
Proof. Clearly trop(V ) ⊆ ⋂V⊆H trop(H). We prove the equality by induc-
tion in the dimension n of the ambient space. For n = 2, V can only be
a line, so the result holds by Corollary 3.11. Assume it is true for ambient
dimension up to n− 1. We prove that the result is true in ambient dimen-
sion n by induction in the codimension of V . If codim(V ) = 1, then V is
a hyperplane and this is again Corollary 3.11. Assume now that the result
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is true for all codimension r spaces and that V has codimension r + 1. If
V ⊆ {xi = 0} for some i then trop(V ) = trop({xi = 0}) = ∅. Let p =
(p1, . . . , pn) ∈
⋂
V⊆H trop(H). Without loss of generality p = (0
+, . . . , 0+).
If ei ∈ V is the i-th vector of the canonical basis, the i-th coordinate of
the points of V may take any value and for all V ⊆ H, the i-th coefficient
of the defining linear equation of H is zero. It follows that we can project
along the i-th coordinate and p ∈ trop(V ) iff πi(p) ∈ trop(πi(V )) and clearly
πi(p) ∈
⋂
V⊆H trop(πi(H)) =
⋂
πi(V )⊆H
trop(H) where H is any hyperplane
in dimension n− 1 containing πi(V ) and we are done by induction.
Hence, we may assume that ei /∈ V for 1 ≤ i ≤ n. Consider the linear
spaces V+ < ei >, 1 ≤ i ≤ n. Then p ∈
⋂
V+<ei>⊆H
trop(H) = trop(V+ <
ei >) by induction hypothesis in the codimension of V . Hence, for each i,
1 ≤ i ≤ n there is a point ai = (ai1, . . . , ain) ∈ V such that for all i 6= j,
aij > 0 and v(aij) = 0. We can write the matrix
A =

a11 a12 . . . a1n. . .
an1 an2 . . . ann

 trop(A) =

 q1 0
+ . . . 0+
0+ q2 . . . 0
+
0+ 0+ . . . qn


Since codim(V ) > 1, rank(A) ≤ n − 2 and A is singular, so it cannot
happen that for all i |qi| < 0. Assume that |q1| ≥ 0. Since the minor A11 is
also singular, there must be another element |qi| ≥ 0. Assume |q2| ≥ 0. If for
some i is |qi| > 0 let λ be an element of valuation zero such that its residue
coefficient b is 0 < b << 1 then λaj + ai, j ∈ 1, 2, j 6= i, trop(λaj + ai) = p.
Thus, we may assume that |qi| ≤ 0 for all i. But again, since A is singular,
|qi| = 0 for all i. If for some i is aii > 0 we are done and ai is a lift of
p. Last, we have the case that qi = 0
− for all i. In this case, we perform
Gauss reduction on the matrix A. The coefficients we have to multiply a1
in order to make zeros below the first column are 0 < λi, v(λi) = 0. For all
the elements aij, i 6= 1 aij + λia1j is a positive element of valuation 0. On
the other hand v(aii + λa1i) ≥ 0.
Now, if for some i 6= 1, v(aii + λia1i) > 0, let k /∈ {1, i}, let 0 < η with,
v(η) = 0, 0 < Pc(η) << 1 then b = ηak + (ai + λia1) is a vector b ∈ V such
that bi > 0 and v(bi) = 0 and we are done.
Next case is if for some i 6= 1, aii+λia1i is a positive element of valuation
0, then for 0 < µ of valuation 0, 1 << Pc(µ), −a1 + µ(ai + λia1) is the
desired point.
Finally, if for all i, aii + λia1i is a negative element of valuation 0, then
we perform Gauss reduction on the second column and repeat the process.
Since rank(A) ≤ n − 2, after a finite number of steps, we must arrive to a
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matrix (after reordering the indices) of the form

a11 a12 . . . a1k a1,k+1 . . . a1n
0 b22 . . . b2k b2,k+1 . . . b2n
. . .
0 0 . . . bk−1,k−1 bk−1,k . . . bk−1,n
0 0 . . . 0 bk,k . . . bk,n
. . .
0 0 . . . 0 bn,k . . . bnn


with real tropicalization


0− 0+ . . . 0+ 0+ . . . 0+
∞ 0− . . . 0+ 0+ . . . 0+
. . .
∞ ∞ . . . 0− 0+ . . . 0+
∞ ∞ . . . ∞ c+k,k . . . c+k,n
. . .
∞ ∞ . . . ∞ c+n,k . . . c+nn


Such that k = dim(V ) ≤ n − 2; bkk 6= 0; bij = 0 if i > j < k; trop(bij) =
0+, if i < j or i > j ≥ k; trop(bii) = 0− for i < k; vectors bk+1, . . . bn
are all multiple of bk. Hence, it must happen that trop(bkk) = 0
+. Then,
for η2, . . . , ηk of valuation zero and positive such that 1 << Pc(η2) <<
Pc(η3) << . . . << Pc(ηk) the vector −b1 − η2b2 − . . . − ηk−1bk−1 + ηkbk is
a lift of p in V . 
Theorem 3.13. Let I be the ideal of an affine space V in (K∗). The affine
polynomials in I with minimal support form a real tropical basis of I.
Proof. For each minimal support there is only one linear polynomial in I
up to multiplication by a constant and they generate I. Call {F1, . . . , Fr}
this generator set of I. Clearly, trop(V ) ⊆ ∩ri=1TR(Fi). To see the equality,
let p /∈ trop(V ). Homogenizing if necessary and performing a monomial
change of coordinates, we may assume, without loss of generality that I is
homogeneous and that p = (0+, . . . , 0+). By Lemma 3.12, there is a linear
function F ∈ V such that p /∈ TR(F ). It suffices to check that we can
take F with minimal support. If F has no minimal support, then there
exists another linear G ∈ I whose support is contained in the support of F .
Multiply F and G by appropriate constants so that the minimum valuation
of the coefficients of F and of G is zero. By substituting G with a linear
combination of F and G, we may also assume that the residue polynomials
at p of F and G are linearly independent forms in R[x1, . . . , xn]. Let SF
(resp. SG) be the variables where F (resp. G) attains the minimum at p. If
there is a monomial gmxm in SG that is not in SF , we can use G to make
zero the monomial xm in F without modifying the residue polynomial of F
at p and proceed recursively.
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Assume then that SG ⊆ SF , after reordering, we may assume that SF =
{xi1 , . . . , xir}. Let ai (resp. bi) be the principal coefficient F (resp. G) at
the monomial xi. Let i be an index in SF such that |bi/ai| is maximum of
all the indices. If bi > 0 substitute G by −G so that bi < 0. Then, the
polynomial H = F · (−bi/ai) + G, Supp(H) ( Supp(F ) and the residue
polynomial of H at p has only positive coefficients. We proceed recursively
until we arrive to a linear polynomial H ′ with minimal support in I such
that p /∈ TR(H ′). 
We finish this section showing a real radical ideal that has no tropical
basis. This dissonance has been studied in [18], but the example showed
there is not real radical.
Example 3.14. Consider the cubic defined by:
F = x3 + y3 − x2y − xy2 + 2x2 + 2y2 + 4xy − 8x− 8y + 8
The only point with positive coefficients is the singular point (1, 1) of
valuation (0, 0).
The corresponding tropical polynomial is
f = 0+v3⊕0+w3⊕0−v2w⊕0−vw2⊕0+2v2⊕0+w2⊕0+vw⊕0−v⊕0−w⊕0+
In the positive tropical quadrant the tropical polynomial defines a line-like
tropical curve.
Positive part of a tropical singular cubic (left)
and the set of points in every tropicalization of a polynomial in (F ) (right).
We claim that the curve C = {F = 0} has no real tropical basis. Since
the only positive point of the curve is the singular point (1, 1), then the
only tropical positive point is the tropical point (0+, 0+). The ideal of C is
(F ) and this is a real radical ideal. We are showing that, for every a < 0,
(a+, a+) ∈ TR(FG) for every G 6= 0, G ∈ K[x, y].
Let G be any real polynomial and a < 0. Let Ga be the residue polynomial
of G at the point (a, a). Then, (FG)(a,a) = (x
3 + y3 − 2xy2 − 2x2y)Ga =
(x+y)(x−y)2Ga. Since (1, 1) is a root of this polynomial, there must be two
monomials in (FG)(a,a) with different sign where (a, a) attains its minimum.
That is (a+, a+) ∈ TR(FG).
On the other hand, let us take a look at the points of the form (a+, 0+)
and (0+, a+) with a > 0. The monomials where the minimum of (0, a) is
attained are F(0,a) = x
3 + 2x2 − 8x + 8. This polynomial have no positive
root, hence, by Po´lya’s theorem F(0,a)(1 + x)
n has only positive monomials.
(F (1 + x)11)(0,a) = x
14 +13x13 +69x12 +195x11 + 308x10 +242x9 + 66x8 +
198x7 + 825x6 + 1441x5 + 1441x4 + 903x3 + 354x2 + 80x+ 8.
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Hence, in the tropical positive quadrant⋂
G
TR(FG) = {(a+, a+)|a ≤ 0} 6= trop(C) = {(0+, 0+)}
4. The Real Tropical Discriminant
In this section we extend the study of tropical singularities and discrimi-
nants [5], [6], [12] to the real case.
Consider the algebraic closed field K[i]. Let A ⊆ Zn. |A| = d such
that < A >= Zn. Consider the Laurent polynomial ring K[i][x±11 , . . . , x
±1
n ].
In this ring we have the K[i]-linear space of polynomials with support A,
F =
∑
i∈A aix
i. We may identify any such polynomial with the point (ai|i ∈
A) ∈ K[i]d. Consider the incidence variety
H = {(F, u) ∈ (K[i]∗)d × (K[i]∗)n | F is singular at u}
of singular hypersurfaces of support A and singular points. This is a Q-
defined variety. Consider the projections π1 : (K[i]
∗)d × (K[i]∗)n → (K[i]∗)d
and π2 : (K[i]
∗)d × (K[i]∗)n → (K[i]∗)n. π1(H) is the A-discriminant variety
of hypersurfaces with support A and a singular point, while π2(H) = (K
∗)n,
and the fiber over any point is a linear space isomorphic to π−12 (1, . . . , 1) =
{F | F is singular at (1, . . . , 1)}. Our aim is to describe the real tropicaliza-
tion of π1(H).
Definition 4.1. Let f ∈ TR[w1, . . . , wn] be a tropical polynomial with signs.
Let p = (p1, . . . , pn) ∈ TR(f). we say that p is a singular point of f if there
exists a pair F ∈ K[x1, . . . , xn] and P ∈ Kn such that P is a singular point
of {F = 0}, trop(F ) = f and trop(P ) = p.
The definition of tropical Euler derivative [6] can be easily extended to
tropical polynomials with signs.
Definition 4.2. Let f =
⊕
ℓ∈A aℓw
ℓ ∈ TR[w1, . . . , wn] and < A >= Zn be
a tropical polynomial with signs. Let L = b0+b1w1+ . . .+bnwn be an affine
function with integer coefficients. The Euler derivative of f with respect
to L is ⊕
ℓ∈A
L(ℓ)6=0
s(L(ℓ))aℓw
ℓ.
We eliminate all the monomials in the support where L vanish and swap
signs of the monomials where L is negative. If F ∈ K[x1, . . . , xn] is any
polynomial such that trop(F ) = f then
∂f
∂L
= T
(
∂F
∂L
)
= T
(
b0F + b1x1
∂F
∂x1
+ . . .+ bnxn
∂F
∂xn
)
Example 4.3. Let f = 0+⊕ 0+w1⊕ 0+w2⊕ 0+w21⊕ 0+w1w2⊕ 0+w22. Then
∂f
∂w1−w2
= 0+w1 ⊕ 0−w2 ⊕ 0+w21 ⊕ 0−w22
We have the following consequence of Theorem 3.13
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Theorem 4.4. Let f be a tropical polynomial with signs. The set of tropical
singularities of TR(f) is ⋂
L
TR
(
∂f
∂L
)
Proof. If p is a singularity of TR(f), then let P ∈ (K∗)n and F ∈ K[x1, . . . , xn]
be a polynomial, with trop(P ) = p, trop(F ) = f , and P is in the singular
locus of {F = 0}. Then, for any L, ∂F∂L (P ) = 0. So p ∈ TR( ∂f∂L).
Conversely, let p ∈ ⋂L TR
(
∂f
∂L
)
. Without loss of generality, assume that
p = (0+, . . . , 0+). The set tropical polynomials with signs having a singu-
larity at p and support A is a linear space that is the tropicalization of the
linear system H1 of polynomials with support A in K[x1, . . . , xn] having a
singularity at P1 = (1, . . . , 1). Let F =
∑
ℓ∈A aℓx
ℓ be the generic polyno-
mial with indeterminate coefficients and support A. The linear system H1
is generated by F (P1), (x1
∂F
∂x1
)(P1), . . ., (xn
∂F
∂xn
)(P1). By Lemma 3.12,
trop(H1) =
⋂
L
Tf (∂F
∂L
) =
⋂
L
Tf (∂f
∂L
)
Hence, there exists F ∈ H1 with a singularity at (1, . . . , 1) and p is a singu-
larity of f . 
Definition 4.5 (cf. [2],[5],[12], [6]). Let p be a point in TR(f). We define the
flag of f with respect to p as the flag of subsets F(p) of A defined inductively
by: F−1 = ∅ ( F0(p) ( F1(p) ( . . . ( Fr(p), dim <Fr(p)>= n, and for
any ℓ: Fℓ+1(p) − Fℓ(p) is the subset of A− < Fℓ(p) > where the tropical
polynomial ⊕j∈A−<Fℓ>ajwj attains its minimum at p. The weight class of
the flag F(p) are all the points p′ ∈ TR(f) for which F(p) = F(p′). If p and
p′ are in the same weight class and s(p) = s(p′) then p is singular if and only
if p′ is singular.
Let f ∈ TR[w1, . . . , wd] and p = (p1, . . . , pd) ∈ R be a singular point of
the usual tropical variety defined by f forgetting signs (refer to [6]. We
want to know if p+ = (p+1 , . . . , p
+
n ) is a singular point of TR(f). Let F−1 =
∅ ( F0(p) ( F1(p) ( . . . ( Fr(p) be the weight class of p. For any
Fi, write Fi = F+i ∪ F−i , where F+i (resp. F−i ) are the monomials whose
corresponding tropical coefficient is positive (resp. negative).
Definition 4.6. Let A,B disjoint sets. Let L be a hyperplane, we say that
L separates A and B if L does not contain A∪B and the sets are contained
in different closed halfspaces defined by L. That is (A ∪ B) 6⊆ L, A ⊆ L≥0
and B ⊆ L≤0 (or A ⊆ L≤0 and B ⊆ L≥0).
Note, that, for example, if A ⊆ L and B ⊆ L≥0 then L separates A and
B. Also, if A = ∅, any L not containing B separates A and B.
Theorem 4.7. With the previous notation, let p ∈ TRn be a point with all
its coordinates positive. Then, p is a singular point of TR(f) if and only
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if for all i = 0, . . . , r − 1 and for all hyperplane L such that Fi−1(p) ⊆ L,
Fi(p) 6⊆ L, L does not separate F+i and F−i .
Proof. Let L be a hyperplane such that Fi−1(p) ⊆ L and L separates F〉+
and F〉−. Then, the set of monomials where ∂f∂L attains its minimum at p is
Fi(p). But, since L separates F+i and F−i , all the monomials in Fi(p) yield
the same sign, so p /∈ TR( ∂f∂L) and p is not singular.
Assume now that p is not a singular point. Then, there exists a L such
that p /∈ TR( ∂f∂L ). The monomials where the minimum of ∂f∂L is attained at
p is one of the sets of the flag Fi(p). Since p is not in the tropical variety
defined by this derivative, it follows that L separates F+i and F−i . 
Example 4.8. Consider the real tropical cubic
f = 0+v3⊕0+w3⊕0−v2w⊕0−vw2⊕0+v2⊕0+w2⊕0+vw⊕0−v⊕0−w⊕0+
The weight classes in the positive orthant are: {(0+, 0+)}, {(a+, a+)|a <
0}, {(0+, a+)|a > 0}, {(a+, 0+)|a > 0}. The points in the weight class
{(a+, a+)|a < 0} are not singular, since they do not belong to the real
tropical variety defined by ∂f∂v+w−3 . The points of the form {(0+, a+)|a > 0}
are all singular, F+0 = {1, v2, v3}, F−0 = {v}. No L separates F+0 and F−0
and (0+, a+) belongs to the tropical curve defined by ∂f∂w = 0
+w3⊕0−v2w⊕
0−vw2 ⊕ 0+w2 ⊕ 0+vw ⊕ 0−w. Similarly {(a+, 0+)|a > 0} are all singular
points. Finally the point (0+, 0+) is also singular, as shown in Example 3.14.
For a point of the form (0+, a+) the polynomial F = 2x3+(t2a+ta−1)x2y+
(−2ta−2)xy2+y3+2x2+2xy+2y2+(−10)x+(−ta−1)y+6, with trop(F ) = f
has a singularity in (1, ta) and a similar result can be obtained for (a+, 0+).
Example 4.9. Let p = (0+, 0+) ∈ TR2. We would like to describe the
real tropical curves with a singularity at p. We only describe its maximal
cones. Such a description in the complex case appears in [12] so we just
discuss which are the valid distribution of signs on the coefficient of the
tropical polynomial f . Up to symmetry and swap of signs the (maximal)
combinatorial types of polynomials with a singularity at p are.
(1) F0(p) is a two-dimensional circuit (four points, each three affinely
independent). Then, the positive and negative monomials of the
circuit cannot be separated by a line.
(2) F0(p) is a one-dimensional circuit (three collinear points) contained
in a line L. The vertices of the circuit are of the same sign and the
interior monomial is of the opposite sign. In this case, F1 consists
on two monomials, we distinguish two cases:
(a) The monomials of F1 lie on different halfspaces with respect to
L. In this case, the two monomials have the same sign.
(b) Both monomials of F1 lie on the same halfspace with respect to
L. In this case, the two monomials have different signs.
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Figure 2. Possible distribution of signs on a circuit of di-
mension 2.
−
+
+
±± −
+
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±
∓
Figure 3. Possible distribution of signs around a circuit of
dimension 1. The monomials in F1 are the white circles.
References
[1] Daniele Alessandrini. Logarithmic limit sets of real semi-algebraic sets. Adv. Geom.,
13(1):155–190, 2013.
[2] Federico Ardila and Caroline J. Klivans. The Bergman complex of a matroid and
phylogenetic trees. J. Combin. Theory Ser. B, 96(1):38–49, 2006.
[3] Jacek Bochnak, Michel Coste, and Marie-Franc¸oise Roy. Real algebraic geometry, vol-
ume 36 of Ergebnisse der Mathematik und ihrer Grenzgebiete (3) [Results in Math-
ematics and Related Areas (3)]. Springer-Verlag, Berlin, 1998. Translated from the
1987 French original, Revised by the authors.
[4] T. Bogart, A. N. Jensen, D. Speyer, B. Sturmfels, and R. R. Thomas. Computing
tropical varieties. J. Symbolic Comput., 42(1-2):54–73, 2007.
[5] Alicia Dickenstein, Eva Maria Feichtner, and Bernd Sturmfels. Tropical discriminants.
J. Amer. Math. Soc., 20(4):1111–1133 (electronic), 2007.
[6] Alicia Dickenstein and Luis Tabera. Singular tropical hypersurfaces. Discrete & Com-
putational Geometry, 47:430–453, 2012. 10.1007/s00454-011-9364-6.
[7] Manfred Einsiedler, Mikhail Kapranov, and Douglas Lind. Non-Archimedean amoe-
bas and tropical varieties. J. Reine Angew. Math., 601:139–157, 2006.
[8] Manfred Einsiedler and Selim Tuncel. When does a polynomial ideal contain a positive
polynomial? J. Pure Appl. Algebra, 164(1-2):149–152, 2001.
[9] G. H. Hardy, J. E. Littlewood, and G. Po´lya. Inequalities. Cambridge, at the Univer-
sity Press, 1952. 2d ed.
[10] Kerstin Hept and Thorsten Theobald. Tropical bases by regular projections. Proc.
Amer. Math. Soc., 137(7):2233–2241, 2009.
[11] Anders Nedergaard Jensen, Hannah Markwig, and Thomas Markwig. An algorithm
for lifting points in a tropical variety. Collect. Math., 59(2):129–165, 2008.
[12] H. Markwig, T. Markwig, and E. Shustin. Tropical curves with a singularity in a fixed
point. Preprint, arXiv:0909.1827, 2009.
ON REAL TROPICAL BASES AND REAL TROPICAL DISCRIMINANTS 17
[13] Grigory Mikhalkin. Enumerative tropical algebraic geometry in R2. J. Amer. Math.
Soc., 18(2):313–377 (electronic), 2005.
[14] Sam Payne. Fibers of tropicalization. Math. Z., 262(2):301–311, 2009.
[15] David Speyer and Lauren Williams. The tropical totally positive Grassmannian. J.
Algebraic Combin., 22(2):189–210, 2005.
[16] Luis Felipe Tabera. Constructive proof of extended Kapranov theorem. In Actas del
X Encuentro de A´lgebra Computacional y Aplicaciones, EACA 2006, pages 178–181,
2006.
[17] Luis Felipe Tabera. Tropical resultants for curves and stable intersection. Rev. Mat.
Iberoam., 24(3):941–961, 2008.
[18] Cynthia Vinzant. Real radical initial ideals. Journal of Algebra, 352(1):392 – 407,
2012.
[19] Oleg Viro. Patchworking real algebraic varieties. Preprint Uppsala University
U.U.D.M. Report, 1994.
Departamento de Matema´ticas, Universidad de Cantabria, 39071, Santander,
Spain
E-mail address: taberalf@unican.es
